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Unsteady, viscous, circular flow

I. The line impulse of angular momentum

By MERWIN SIBULKIN

Convair Scientific Research Laboratory, San Diego
(Received 27 December 1960)

In this paper a study of the energy-transfer processes associated with the
motion of a viscous, heat-conducting fluid is begun. The class of motions con-
sidered are unsteady, two-dimensional, vortical flows. After developing simpli-
fied equations of motion and energy appropriate to this type of flow in the low
Mach-number limit, general solutions of the momentum equations are presented.

The concept of a line impulse of angular momentum is introduced as an example
of this class of motions for which a solution of the energy field is obtainable in
closed form. The solution for the line impulse can be viewed as a combination of
velocity, pressure, and temperature waves concurrently radiating from the
origin of the impulse and decaying with time. Particular examples of the develop-
ment of the energy field of the impulse in both liquids and gases are presented
for selected values of Prandtl number. The energy-transfer processes are dis-
cussed in some detail, and the resulting differences in the energy fields for liquid
gases are emphasized.

1. Introduction

For a large class of problems in hydrodynamics and low-speed aerodynamies,
it is not necessary to study the energy equation to obtain the desired solution
of the flow problem. In inviscid, compressible flow the energy equation per se is
eliminated by the use of the isentropic relationship p/p? = const. And, for cer-
tain viscous, compressible flow problems the energy equation is satisfied for
particular values of the Prandtl number ¢ by a constant value of the stagnation
temperature throughout the flow field, e.g. the flow over an insulated plate with
o = 1 and the flow through a shock wave with ¢ = . Consequently, there have
been relatively few problems in fluid dynamics in which solutions of the energy
equationhave been obtained compared to those in which the momentum equation
has been solved.

In this investigation, interest will be focused upon the transfer of energy be-
tween fluid elements due to viscous work and to heat conduction within (but
not across) the boundaries of the fluid. The particular class of problems studied
are unsteady, two-dimensional flows with circular streamlines. This work was
originally motivated by a desire to understand the temperature separation
phenomenon exhibited by the Ranque—Hilsch vortex tube.

The investigation is divided into three parts.
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In part I the energy field in an infinite fluid associated with the decay of what
will be defined as a line impulse of angular momentum is considered. The flows
of both a liquid and of a gas in the limit of Mach number equal to zero are studied,
and solutions, in closed form, are obtained and compared.

The investigation will proceed as follows. First, simplified forms of the
Navier-Stokes and energy equations for plane, axisymmetric flow are developed
for the case where the Mach number in the flow field is everywhere much less
than one. Then the general solutions for the decay of the velocity field associated
with an arbitrary initial velocity distribution are given for finite and for infinite
flow fields.

The particular initial velocity distribution for a line impulse of angular momen-
tum is then introduced. The line impulse of angular momentum may be associated
with the following physical model. If a cylindrical rod whose radius is very small
compared to its length is immersed in a viscous fluid and impulsively set in
rotation about its axis, the adjacent fluid will also be set in motion. The line
impulse of angular momentum corresponds to the limit obtained as the radius
of the rod approaches zero and the angular velocity of the rod approaches infinity
in such a way that the angular momentum imparted to the fluid remains finite.

The solution obtained for the velocity field associated with the decay of the
line impulse is then used to determine the energy dissipation due to viscosity.
Finally, the energy fields resulting from the combined action of dissipation and
heat conduction are found for both incompressible and compressible fluids.

In part II the corresponding flows in a circular cylinder of finite radius will be
considered, and the energy transfer processes will be discussed in some detail.
In these cases it will be necessary to resort to numerical integration to obtain the
desired solutions of the energy equation.

In part IIT a new model for the flow in a vortex tube will be proposed. Using
the methods developed in part I, velocity and energy profiles will be calculated
and compared with previously published measurements. Some new experi-
mental work based upon the proposed flow model will also be presented.

2. Notation

Because of the large number of symbols required, it has been convenient in a
few instances to assign more than one meaning to a symbol where, it is hoped, no
confusion should result.

The term ¢otal denotes the addition of the kinetic energy per unit mass to the
specified quantity; the term over-all denotes an integrated value (e.g. of kinetic
energy) for a disk of fluid of unit depth. An overbar indicates a mean value, and
an asterisk indicates a non-dimensional quantity. Finally, a subscript co denotes
the value taken as » — co.

3. Preliminary analysis of the conservation equations

In the present work we shall consider two idealized fluids: (i) the perfect gas
having the equation of state p = p#7T and constant values of specific heat c,
and c,, and (ii) the perfect liqguid having the equation of state p = const. and a
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single, constant specific heat ¢. Hereafter, when the terms gas or liguid are used
they will be understood to refer to the perfect fluids defined above.

In cylindical polar co-ordinates (r, 8, z) the continuity, momentum, and energy
equations for two-dimensional (9/0z = 0), axisymmetric (0/06 = 0) flow are
(see, for example, Pai 1956, pp. 2844, and Howarth 1953, pp. 38-54):

%’#g( rpu) = 0, (3-1a)

() - 1o
p(%;ﬂr_v) _ 71?3(27;0)Jr o, (3.1c)
Lt o

where ¢ is the time, p is the fluid density, « the radial velocity, » the circumferen-
tial velocity, p the pressure, and 7T the temperature in the fluid, and where

2=§+u2 o 8u+)\8(ru) = _prou?
DSt Tn =P IGE w=—prug

v v ou u\2 [ov v ou u
ra=ulsy-3) ‘1’=”[2(a7) +"()+(5“;)]“(5+?)’

4 being the first, A the second, coefficient of viscosity, and k being the thermal
conductivity.

We now consider the relative magnitudes of » and v. For a source-free liquid,
the continuity equation (3.1a) immediately gives 4 = 0. To study the situation
for a gas we choose a characteristic radius R and velocity ¥ and define the non-
dimensional variables s = /R and 7 = tV/R. In the limit M — 0 where M is
the Mach number (in the sense ¥V — 0 for finite 7'), the changes in fluid properties
will be small perturbations about the mean values p, p, T, i, and k. The continuity
equation (3.1a) can be formally integrated in the form

u 1 s10p
—=——| =Esds. 3.2
v (p/p)JopaTS ° 3.2

Defining the non-dimensional variables

-4 -7 -5 2 —
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where £ is the enthalpy per unit mass, and y the ratio of the specific heats,
the gas law can be written in the non-dimensional form

p* = {y/ly—1)}p*—h*. (3.4)
Differentiating (3.4) and substituting the result in (3.2) gives

% - _(p7f/)/)8f: [(?’Z 1) a%_%h:] s 45
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Since we consider only those changes in enthalpy due to viscous work (by
restricting the analysis to flows with no heat transfer across the boundaries of
the fluid), ~* remains finite as .# — 0 (as, of course, does p*), and therefore

lim & = 0. (3.6)

For estimation purposes (again considering the limit .# — 0), one may take
#lf = hjh or

p—BE _h-h_V*_ Vi
Z B 2 7T
. 0 ov . _0 vy _0 [ o
Then ‘4111—11)105(#7‘87) =VBTO#§{[1+O(J{)]T5;‘} =,ug‘(r5‘), (3.7)

and similarly for the heat conduction term in the energy equation.
Applying (3.6) and (3.7) to (3.1) eliminates the continuity equation and re-
duces the momentum and energy equations to

= (3.8a)
(liquid) p—g—: = ﬁ(g;—g)2+§a% (raai:) (3.8¢)

where e is the internal energy per unit mass.

Comparing (3.8) to the more familiar steady, boundary-layer equations we
note that the momentum equations for a liquid and for a gas become identical
and are uncoupled from the energy equation as in the boundary-layer case.
However, the energy equations for a liquid and for a gas differ in the unsteady
terms.

The unsteady pressure term in (3.8d) can be eliminated by the use of the radial
momentum equation (3.8a). After integrating (3.8a) with respect to r and dif-
ferentiating with respect to ¢, the resulting expression in non-dimensional vari-

ables is * * 2 N gt
op p*(a) 2J‘3 (Ba(v ) +J{?£)ds
/R

o~ or 2 lae\p e )

where a is an arbitrary fixed point in the fluid. Thus

* * *)2 g’
lim 2% _ 9p*(@) f’ o(v*)*ds’

—_— = 2
A0 OT or * aig 0T 8

(3.9)

and, it may be noted, v*(s, 7) may be found from the circumferential momentum
equation (3.8b) above.

The remainder of the analysis is restricted to the limit M — 0; the bars over
the fluid properties are no longer needed and will be omitted.
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A further mathematical simplification of equations (3.8) can be achieved by
employing the angular velocity w ( = v/r) as a dependent variable. In terms of w

we obtain pro? = dp|or, (3.10q)
ow vo [ . ow
KW _ L%
ot  r3or (r ar)’ (3.100)
oT _ op J(w\? k3 (T
P55 = 3 et (5;) * (75;)’ (8.10¢)

where v is the kinematic viscosity and (3.8¢) and (3.8d) have been combined into
(3.10¢), for the sake of economy, by using the ‘Kronecker ¢’ defined below:
for fluid = liquid, 8, =10, ¢,dT =cdTl =de,
and for fluid = gas, 0y =1, ¢,dT=dh.
Finally, since we are interested in the total-energy field, we combine the momen-

tum equation (multiplied by w) with the energy equation to obtain the ‘total-
energy equation’

02 v o ( 0B\ 1lop v 0f(c—-1)rfow?® ,

gt——a_—rg;(rﬁ)——ﬁgt—afg-}-};é;[ 2 W—T(&)], (3.11)
where, anticipating the application of (3.11) to an infinite flow field we have
defined a general-purpose total energy (or enthalpy) variable Z by

E=c,T+3?—c,To;
thus 2 = K —e, (for aliquid), E = H—#, (for a gas). (3.11a)

Here F is the ‘total internal energy’ and H the total enthalpy, each being obtained
by adding the kinetic energy to the previously defined quantities. The circum-
ferential momentum and total-energy equations in the form (3.104) and (3.11)
form the basis of the subsequent analysis.

4. Solution of the momentum equation

4.1. General solutions
The boundary conditions for the circumferential momentum equation (3.105)
are determined by the requirements that » = 0 at » = 0 and, for an infinite fluid,
v =0 at r = ov. When the fluid is bounded by a fixed cylinder of finite radius
R,tv = 0atr = R. In terms of w(r,?), we have the relations

(ow/or) (0,t) = 0, (4.1a)
w(R,t)=0 or w(w,t)=0. (4.158)

The separation of variables technique and (4.1a) give as a solution of (3.10d)
w(r,t) = (A[ry et J(ar?/v)}, (4.2)

where J] is the Bessel function of the first kind and 4 and « are constants to be
determined.

1 It should be clear that this use of the symbol R is not inconsistent with the use of R
as & characteristic radius in §3.
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For the cylinder of finite radius, boundary condition (4.1b) gives a; = AZv/E?
where the A, are the zeros of J;. Then, expanding an arbitrary initial condition
w(r, 0) in a Fourier-Bessel series in .J; and combining the result with (4.2) gives
the general solution (McLeod 1922)

= A2ty J(As) (1
v(r,t) = i§1 2R exp (_ﬁ) mfo s2w(sR, 0) Jy(A;s)ds, (4.3)

where s = r/R.
For the infinite fluid, setting k = (x/v)! and applying the Fourier-Bessel
transform to (4.2) yields

v(r,t) = J:O U:O Jy(kr') Jy(kr) e‘k’”’kdk] r2w(r’,0)dr’, (4.4)

which may be integrated over k (using 4.14 (39) of Erdelyi, Magnus, Oberhettinger
& Tricomi 1954}, to give the general solution

W p?2 ! 2 12 '
otr0) = [ Y exp (<) 45 (45)

0 4vt 2vt

where I is the modified Bessel function of the first kind.

4.2. Velocity field of the line tmpulse of angular momentum

We define the cylindrical impulse of angular momentum CQ(r') as the J-function

of w which is everywhere zero except at r = r’, where it tends to infinity in such

a way that o

27TJ~ w(r)rddr = Q(r'). (4.6)
0

For r' = 0, equation (4.6) defines the line impulse of angular momentum which
will be designated simply by Q.

Combining (4.6) with (4.5), the time-dependent velocity field of a cylindrical
impulse occurring at ¢ = 0 is given by

rQ(r") r24 '8\ I (rr'[20)
t;r)= - . 4.7
vlr 657 8my2t? ( 4vt ) rr’ [2v (4.7)
Since lim Ij(x)/x = §,
z—>0
the corresponding result for a line impulse of angular momentum is
rQ r2
v(r,t) = Tompi2 OXP (— 4_Vt) . (4.8)

A plot of (4.8) with v, 7, and ¢ made non-dimensional in an appropriate manner is
given in figure 1.7

t The equation » = (— Ar/2vt?) exp (—r2/41t) was first given by Taylor (1918) as a par-
ticular solution of the momentum equation (3.10b6) which could be used to represent
‘g small eddy’. Taylor then compared the decay time of this eddy with measurements of
the decay of turbulence behind a grid. In the present paper, the energy field associated
with this particular velocity distribution is determined.
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We now consider some properties of the line impulse.t
(i) Since there are no solid boundaries, the total angular momentum of the

fluid (obtained by substituting (4.8) in (4.6)) is independent of time and equal
to Q.

(ii) The over-all kinetic energy of the fluid,

L) = 271f e rdr = ﬂpf vi¥rdr, (4.9)
0 0
is a function of time, since integrating (4.9) gives
L(t) = pQ2[128my%2. (4.10)
Q)=
16 !' 0-05

Q13 v

0 0-4 08 12 16 2:0
w/Q)Er

Ficure 1. Typical profiles showing the decay and spread of the velocity field, v,
of a line impulse of angular momentum created at ¢t = 0.

Here ¢, is the kinetic energy per unit mass. Ast— 0, I, - co, i.e. the kinetic
energy of the impulse becomes infinite since the momentum remains finite as
the mass of fluid in motion approaches zero at time equal to zero. This is clearly
a physically unrealizable situation, and will have an important effect on the
solution of the energy equation.

(iii) The viscous work, i.e. the rate of increase of energy per unit volume due
to the action of shear forces, is (cf. equation (3.10¢))

a a 2,,2 a 2
Wrt)=%r =2 (’i’%"_) +,L72(a_“r’) , (4.11)

1 It may be permissible to point out that (contrary to the case of line and cylindrical
heat sources) the cylindrical impulse is not obtained by the superposmon of a ring of line
impulses since in the latter case the velocity changes direction at r= .
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which for the line impulse becomes

S (= M N

Since this viscous work can cause only a redistribution of energy between fluid
elements, we must have

27rfw W(r,t)rdr =0, (4.13)
0
a relationship satisfied by (4.12).

5. Solution of the energy equation for the line impulse

The handling of the unsteady pressure term in the energy equation was dis-
cussed in §3 (cf. equation (3.9)). For the velocity field of the line impulse (4.8),
we set @ = co and obtain

10p Q32 r2 r2
et S £ SR —_ 5.
p ot (l6m)tve (3 2vt) eXP( 2vt)' (5.1)

Substituting (4.8) and (5.1) in (3.11) gives

o= v 0 ( 02 Q2
_a?—'a‘é‘; (T*a—r) = WQ(?‘,t, v, 0-), (5,2)
where
1 r? 1\ [72\2 [2 1\ 2
ot = osn (= g5) 21 5) (5) + [3-40-2) |

2 r2
—E+ (3—§;}t) (s}g}. (5.2(1)

Equation (5.2) is of the form of an inhomogeneous, unsteady diffusion equa-
tion for the total energy (enthalpy) = in terms of the known distribution of
total energy (enthalpy) sources Q. The variable & has been defined (3.11a) such
that the boundary condition at infinity is £(o0, t) = 0.

For the liquid case, the energy source term is due only to viscous work and,
consequently, equation (5.2a) satisfies the conservation of energy relationship
(cf. equation (4.13))

o f * Qliquid]rdr = 0. (5.3)
0

In addition, in the absence of heat conduction (o = o), equation (5.2a) reduces
to (4.12), that is to

{p2/(167)21%} Q[liquid, o = 00] = W.

For the case of a gas, (5.2a) represents a total enthalpy source field and con-
tains, in addition to the viscous-work terms, a term representing the increase
in enthalpy due to fluid element contraction.The distribution of @ for liquids and
gases is shown in figure 2 as a function of the similarity parameter 6 = r%/2ut, for
several values of Prandtl number, o. For a particular value of o, the shape of

Q(6,1) is independent of time, but its magnitude at a specific value of # decreases
as th,
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Setting
g = [Q2/(167)201%] (2, + E,), (5.3a)
a formal solution of (5.2) is given by
t 0
gy (r,t) =f dt’f QU U)G(r,t; v’ t') 2mr dr’, (5.3b)
7 0
Hy(r,t) =f [Q2/(16m)2 V3] L E(r', ) G(r, t; ', 9) 2mr' dr’, (58.3¢)
0
3 —
2t o=
3 , o
1F 3 s, 20
$ .10
o z
g of o NS 3 —
4 N\
10 N
-1 \2.0 ‘\%
o i
—2
-3
(a)
A 1 l

-2
-3
(8)
-4 ] | - 1 I ! | | ] J
0 1 2 3 4 5 6 7 8 9 10

0 = 7?/2u¢

Fioure 2. Distribution of source strength @ versus the similarity parameter 8
for several values of Prandtl number o. (a) Liquid, (b) gas.
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where G is the Green’s function for an instantaneous, cylindrical source (Cars-
law & Jaeger 1959, p. 259) satisfying (5.2), namely

o(r2+r'2) orr’

G(r,t;r',t') = 1(7%/ exp [— —m] 1, [2v(t:7)]' (5.3d)

In (5.3a), E, gives the contribution to the energy field of the source distribution
@Q(r,1), and E, gives the contribution of the initial condition E(r, 5). The singu-
larity in @ at ¢ = O reflects the previously discussed (§4.2) singularity in the
kinetic energy at ¢ = 0. Consequently, a parameter # (having the dimensions of
time) has been introduced in (5.3b), and we will look for limiting forms of the
solutions of the energy equation for 9/t <€ 1.

After substituting (5.2a) and (5.3d) into (5.3b), the resulting expression for
E; may be integrated in closed form. The procedure, however, is too lengthy for
presentation here; the interested reader may follow the details of the integration
in Sibulkin (1960). Briefly, (5.3b) can be integrated with respect to r (using Erde-
lyi et al. 1954), in terms of a finite hypergeometric series. The remaining integra-
tion with respect to ¢ can be carried out in terms of elementary functions and the
exponential integral EI(z). For z + 0, EI(z) is defined (in terms of the Cauchy
principal value) byt -
El(x) = Pf (e7!/t) dt, (5.4a)

T

and is related to previously tabulated functions (Jabhnke & Emde 1945, p. 6) by

El(z) = —Ei(—-z) for x>0,
— } (5.4b)
El(z) = —~Ei(—z) for x< 0.
After defining the variables
_r _(o—2)0 _ a(a—=2)0y
O=5 "= "% “Taur@-2 (5-5)

the solution for the contribution of the source distribution @ to the energy field &
18

20 = & [(8 an) (2) 4 -1t wreeane)

i=0 L \i= k=0 (J—#)!

* 2| (Zento) () 5

X {EI( —e)—EI(—a)+ il [(eF+t1—1)es— (a*+1—1) e“]”, (5.6)

k=j

where (¢f); and {, ; are tabulated in the Appendix.

6. Energy field in a liquid
In §3, we defined a (perfect) liquid by p = const. and ¢ = const. We
also introduced the symbols = and d;, which for a liquid have the meaning

T This definition of EI(x) and its relation to Ei(z) and ﬁ(x) is given in an unpublished
note by A. Farnell, Convair Scientific Research Laboratory, San Diego.
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E = E—eq, 0z, = 0. As the initial condition for the line impulse in a liquid, we
set the total energy F equal to a constant throughout the fluid by assuming

E(r,n) = e. (6.1)
Then E(r, ) = 0 which, by (5.3¢), makes E, (r,f) = 0 and reduces (5.3a) to
= = [{Q¥(16m)2 3] E,, (6.2)

where the complete solution for E, is given by (5.6) with the (af); terms (cf.
Appendix) evaluated for d;, = 0.

At this point one must consider the significance of the time parameter 5. To
be precise, (6.2) is the solution for an initial energy distribution (6.1) and an
initial velocity distribution given by (4.8) with ¢ = 7, i.e. an initial velocity corre-
sponding to the velocity field of a line impulse of angular momentum at ¢ = . As
a consequence of the singularity in the kinetic energy of the line impulse at
t = 0(cf.§4), one finds that setting # = 0in (6.2) yieldseither & = + c0orE = — o0
for all values of r and ¢t. Consequently, we consider, in §5.1, the approximate
form of (6.2) for 5/t < 1; and, in §6.2, we investigate the development of (6.2)
with %/t for the special case of o = 1, for which the explicit expression of (6.2)
is greatly simplified.

6.1. Solution for gjt € 1

For y/t < 1, the dominant terms in the solution for 5, (5.6), are those in the series
-1 10
Y (eF1—1)ec. For aliquid, ¥ o;/4;¢; _3 = 0, and the approximate solution for

k=j t=1
E, is given by 10
' B~ ( z a8, —2) (300)%e tes. (6.3)
i=1
Carrying out the evaluation of (6.3) for 3/t < 1, and using (6.2), yields the energy
distribution Q2 o(1—20) (1—40b)
MY ~ 2 —300
E(r,t;n)—e, = (167200 o e 7Y, (6.4)

and defining the non-dimensional variables
E* = QUE—e,)/v* and * = v¥/Q (6.5)
gives the energy distribution in the non-dimensional form
E*r,t;9) = %)%@ g1l (6.4a)
In order to eliminate the dependence of £ upon 7, we define ¢, (a mean kinetic
energy per unit mass at £ = ) by

pLe,(n) = I(y), L= (Qv), (6.6)
where L is a characteristic length. Applying (4.10) and (6.5) to (6.6) yields
& = [1287(p*)2] L. (6.7)

Comparing (6.4a) and (6.7) one notes that, at a given position in space and time,
the total energy increases as the square root of the initial kinetic energy; thus,
for (9/t) > O, E* _ o(1-20)(1—}006)

—40f
@i~ s2yzmievr %
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Equation (6.8) constitutes the solution for the energy field of a line impulse
of angular momentum in a liquid. It is interesting to note that, although the
shape of the energy input distribution @ is a function of o (cf. figure 2a), only
the amplitude of the energy distribution E* is dependent upon o while its shape
is similar to that of @ for o = 1. Since, by (5.3), the over-all rate of energy input
into the liquid is zero (relative to the energy level at infinity), the energy distribu-
tion (6.8) should, and does, satisfy the condition

2ﬂJwE*(r, t)yrdr = 0. (6.9)
0

6.2. Solution for o =1

When o = 1, the Appendix shows that a; = 0 for ¢ = 6 to 10. (This simplifica-
tion is related to the corresponding simplification for o = 1 in the basic energy
equation (3.11).) Evaluating the remaining terms in (5.6) from the Appendix
for o = 1, and making use of (5.4b), (6.2), (6.5), and (6.7), gives

EXrt) _ () 30 ) i —%9)] o

@F 64«/2w%(t*>2{(2*26+%62) [Ei(‘ i1

Hamzit3- (G-1) a-0]en |- | -erine). ©10)

(2t/n) ~ 1 7 T 1-(n/2)
To find E* for r = 0 (f = 0), we use the series expansion (Jahnke & Emde 1945,
pp- 1, 2) Ei(—x) = 0-5772 +Ina + O(x)
to obtain
EX(0,1) 1 [o; 1 1) ]
= . -1 — . 6.10a
@t 32y2mb@x)2[¢ Tt —1 1-(n/2t) ( )

(As a check on the analysis, one can obtain (6.10a) directly by setting » = 0
and o =1 in (5.4) and integrating the reduced equation for &,.) The develop-
ment of E* as 5/t varies from 1 to 0 is shown in figure 3. The result for 7/t = 0
from (6.10) is, of course, identical to (6.8) for o = 1.

7. Energy field in a gas
7.1. Analysis of initial conditions

In §3 we defined a (perfect) gas by p = p/#T and c, = const. We also intro-
duced the symbols E and d;, which for a gas have the meaning E = H — A,
d;, = 1. Once the E field for a gas-flow problem has been determined, the energy
field is found from the relationship

E = {(H+3(y— 1))y, (1.1)

It will be assumed that y > 1.
As the initial condition for the line impulse in a gas, we again set the energy
E equal to a constant throughout the fluid by assuming

E(r,y) = ew. (7.2)
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Combining (4.8), (7.1), and (7.2) gives the initial enthalpy distribution

By (=D (_r_2
[(16m)2p3 7 \2m exp 2vy)° (7.3)
After substituting (7.3) into (5.3¢), the resulting equation for E, can be inte-
grated (Sibulkin 1960) to obtain

z _2y-lo (t—=n) [20+ (0= 2) 9] + o¥pr¥/4y ox _or® 1 }
2 72 (264 (c—2)9P 2v 26+ (o —2)7])°
(7.4)
04
0
- 04
*
)
T -08
iy
L -12
T
%
I -16
-20
-24 \0.1
\0-3
_28 L
I T T | | | T 1 |
0 2 4 6 8 10 12 14 16
4 = r¥2vt

Ficurr 3. Development of the energy field, E*, in a liquid having a Prandtl number o = 1
as a function of the parameter 7/t. For fixed time ¢, the portion of the ordinate in brackets
is constant; the solution for the line impulse is the curve at the limit 9/t = 0.

which, when combined with (5.6) in (5.3 @), gives the general solution for the total
enthalpy field, E ( = H —A,,), in a gas. The approximate form of the solution for
7/t < 1 and the solution for o = 1 will be considered in §§7.2 and 7.3.

For either a liquid or a gas, (7.2) sets the initial local-energy-perturbation,
(E —e,), equal to zero. In addition, for a liquid, since p = const., condition
(7.2) is sufficient to make the initial over-all energy-perturbation,

Iy = 27Tf (PE — poen) rdr,
0
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equal to zero; thereafter, conservation of energy requires that 7, remain equal
to zero (cf. (6.9)). The corresponding situation for a gas is more complicated.

Returning, for a moment, to the non-dimensional variables (3.3) used in the
preliminary analysis of §3, and defining

I3@) = 2n . ___jﬁé rdr and E** = e (7.5)
we derive the result
I} = 27rf (VE** 4+ p* +y M p*E**) rdr. (7.6)
0

Consistent with our previous restriction to gas flows in the limit M - 0,

(7.6) reduces to I = yIE+IF, (7.7a)
after defining

IX) = 2ﬂwa**(T,t)TdT and I(t) = 277pr*(¢, t)yrdr, (7.70)
0 0

where I} is the over-all mass-perturbation. Applying the first law of thermo-
dynamics, between time ¢’ = g and ¢’ = ¢, to an open system bounded by radius R
(see, for example, Keenan 1941, pp. 32f.) gives

R

R
27Tf pr, ) E(r,t)rdr = 27Tf plr,n) E(r,y) rdr
0 0

Uan. o PED] [Fopet) o o
+2ﬂfﬂ[E(R,t)+p(R’t,)]f0 s Tardi’. (1.8)

The last term in (7.8) expresses the change in energy of the fluid within R due to
the energy content of the fluid crossing the boundary R and to the work done on
the system in moving this fluid across R. Now if we let R -+ co and use the
integrals defined in (7.5) and (7.75), (7.8) reduces to

Li(t) = I3(n) + I3 — I3 ()] (7.9)

Thus, for a gas, in contrast to the situation for a liquid, the total-energy integral
I3 is not necessarily constant with time, but depends upon the variation with
time of the mass integral ;. This is due to the possibility, for a gas, of the fluid
‘at infinity’ exchanging energy with the interior fluid. In order to apply (7.9)
to the solution obtained in the next section, the initial values of I% and I} must
be determined. However, since (7-2) makes I%(y) identically equal to zero,
I’;(n) = I}(n), and the problem is reduced to the determination of the initial
density distribution p*(r, ).

The density distribution p*(r,7) is given in terms of p*(r,y) and h*(r,y) by
the perfect gas law (3.4). If we identify the mean fluid properties, (), used in
the general analysis of §3 with the fluid properties at infinity, ( )., in the case
of the line impulse, p*(r,9) can be found by integrating the radial momentum
equation (3.8a) for the velocity distribution (4.8); A*(r, %) follows directly from
(7.1) and (7.2). The combined result is

2y Q2 1
* — _ —0
p*(r,y) = V2 (16m)2p373 (6 v - 1) e, (7.10)
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which, when integrated, gives for the initial value of the mass integral the result
dmry(y—-2) Q2

200 = Yagy 21y (Tempipp

(7.11)

7.2. Solution for gt <1

Asin the liquid case (cf. §6.1), the dominant terms in (5.6) for 9/t < 1 are those in
-1 10

the series Y, (e¥*1—1)ec. For a gas, however, ¥ «,f8,{; 5+ 0, and, keeping
k=j i=

terms of O(5~1), the approximate solution for &, is

[x1
Q

1

1 1
%a=%+7]—t2[—%a+3+a(a—1)0]}@“5”9. (7.12)

To the same order of magnitude, the approximate form of (7.4) is

[x]

1 1 1
N LA ﬁg[—a+1+%0291}8‘§””- (1.13)

Comparing the magnitude of H — k., given by (7.12) and (7.13) with the magni-
tude of ¥2 given by (4.8) shows that the corresponding approximate form of (7.1)is

B—c.~ (H-h)7; (7.14)

that is, for 5/t < 1, the kinetic energy is much less than the induced increment of
thermal energy. Substituting (7.12) and (7.13) into (5.3a) and applying (7.14)
ives, for y + 2, _9 2
g ’ E—ey,~ — (7 ) ey e300, (7.15a)
v ] 2(16m)2vin®t
For v = 2, the terms of O(3~2) cancel identically and, using (6.5) and (6.7), the
non-dimensional energy distribution is
E* _o(l1—j0)(1-}00)
@)t 32/2b(v)e
Equations (7.15) constitute the solution for the energy field of a line impulse
of angular momentum in a gas. Assuch they must satisfy the energy relationships
derived in §7.1. Applying the same considerations that led to (7.14), one can
show, for 9/t < 1, that e—e, ~ E —e, and that p* < h*, which reduces the gas
law (3.4) to p* ~ —ye*. Consequently, the mass integral I’;(f) may be obtained
by integrating (7.15a); the result is

dm(y—2) Q2
DO =—v50 ="y Tenpeip

e300, (7.15b)

(7.16)

Combining (7.9}, (7.11), and (7.16) gives
It~ Ip(m) = —(y) [}(y) and If@t)—Ih(n) = —I;(n),t  (7.17)
which shows that,

fory < 2, I3ty > IN(y) and I%(t) > I(n);
fory =2, Ii(t) = () and I7(t) = I7(n); (7.18)
fory > 2, I5(t) < If(n) and I%(t) < I5(n).

1 Since I%(t) = Oand I¥(y) = I "(7]), this equation also shows that the solution for the
energy field for 5/t< 1, (7.15), sa.tlsﬁes the first law of thermodynamics expressed in the
form (7.9).

20 Fluid Mech. 11
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That is, for y < 2, there is a net compression of the fluid set in motion by the
line impulse, and the work accompanying this compression causes the total
energy of the line impulse to increase with time. For y > 2, the opposite occurs;
for vy = 2, the energy of the line impulse remains constant, and this is the physical
explanation for the cancellation of the higher-order terms in (7.12) and (7.13)
fory = 2.

Since the net effect of compression is zero for the y = 2 gas, it is not surprising
that the energy field of the line impulse in that case, (7.1554), has the same form
as the energy field for the line impulse in a liquid, (6.8). However, although the
net effect of compression is zero for the y = 2 gas, there is still a local increase in
enthalpy due to compression (cf. equation (5.1)) for # < 3 and a corresponding
decrease for ¢ > 3. To show the effect of the local density changes more fully, the
development of the energy fieldin a o = 1,y = 2 gas will be considered in the next
section.

7.3. Solution for o = 1,y = 2

As was the case for the liquid (cf. §6.2), the evaluation of (5.6) is considerably
simpler when the Prandtl number ¢ = 1. The result is (Sibulkin 1960)

E* 1 1T, o, (8—160)(y/t)—(6—30) (n/t)*+ (1 —16)(7/t)®
(é,t)%_6442n%(t*)2{2[1 20+ ]

: [2— (/)]

1
X eXp [—-l-jz‘j/—%)]Jr?—}(a— 1)e—0}. (7.19)
The development of E* as 7/t varies from 1 to 0 is shown in figure 4. The result
for n/t = 0 from (7.19) is, of course, identical to (7.15b) for o = 1. Comparing
figures 3 and 4, it can be seen that, during the early stages of development of the
line impulse, say for %/t > 0-5, the energy distributions are not too different in
that E* is negative at @ = 0 for both the liquid and the gas. Later on, as 5/t > 0
however, the local effects of compressibility (as discussed in §7.2) cause E* to
become positive at 6 = 0 and continue to cause E* to be negative at values of
0 > 3.

7.4. Discussion of results

The results obtained in the preceding sections lead to the following qualitative
description of the history of what we have defined as a line impulse of angular
momentum, (4.6).

At the time the line impulse originates, ¢ = 7, the fluid is nearly at rest except
in a region near the axis where, for 72/2vy < 0(10), the circumferential velocity v
rises sharply to a maximum before returning to zero at the axis. Corresponding to
this velocity maximum, there is a temperature minimum (relative to the tem-
perature of the fluid at infinity) such that the total energy—Xkinetic plus thermal
—is constant throughout the fluid. And, as a consequence of the velocity field,
there is a pressure minimum at the axis.t

t It is suggested that the interested reader sketch the profiles at ¢ = # for reference
during the remainder of this discussion.
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As the line impulse decays for t > 7, a ‘shear wave’ radiates from the axis in
the sense that the radius of the velocity maximum increases with time while
its magnitude decreases (figure 1). Simultaneously, a ‘thermal wave’ and a
‘pressure wave’ propagate radially. If we fix our attention on a fluid element
initially at rest at a radius ' (which in the limit 5 - 0 includes all fluid elements),
the passage of the shear wave sets the fluid elements into circulart motion about
the axis of the line impulse with a velocity which rises to a maximum and then

[

0-4

03

02

)+ B

i
e

01

B4, /2mH(1%)2 (

~02 ] i L ] | l
0 2 4 6 8 10 12 14 16
0=r2vt

Ficure 4. Development of the energy field E* in a gas having a Prandtl number o = 1
and a ratio of specific heats y = 2 as a function of the parameter 9/t. For a fixed time ¢,
the portion of the ordinate in brackets is constant; the solution for the line impulse is the
curve at the limit /¢t = 0.

decays to zero as t - 0. Thus the initial tendency of the shear wave is to increase
the energy of the element by increasing its kinetic energy. On the other hand,
the passage of the thermal wave tends to decrease the energy of the element. For
Prandt! numbers o greater than one, the kinematic viscosity is greater than the
thermal diffusivity and the shear wave spreads more rapidly than the thermal
wave causing the total energy of the element at 7’ to increase at first; for o < 1,
the reverse occurs. These effects can be traced on figure 2 by noting that, at a
fixed radius # = ', @ decreases as t increases.

t For a liquid the streamlines are circles; for a gas, subject to the limitation M < 1
assumed in this paper, the streamlines are perturbed circles in that r(f) >+ as M — 0,
as a consequence of (3.6).

20-2
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In addition to the effects of shear and heat conduction described above, the
passage of the pressure wave causes the pressure at ' to decrease at first and then
tends to return the pressure to its initial value; and, for a gas, the work of com-
pression accompanying this pressure variation first decreases and then increases
the energy of the element. The over-all effect of compressibility depends upon the
value of y for the gas (as discussed in §7.1) in such a way that the total energy
of the fluid set in motion by the line impulse increases with time for y < 2 and
decreases for y > 2 (7.15a). For y = 2, the total energy of the gas remains con-
stant, and the solution for the energy field in this case, (7.154), has the same
form as the solution for the liquid (6.8). These solutions show that for t/y > 1,
E* —e, =~ 0 throughout the fluid for o = { in the case of a liquid and for o = %
in the case of the gas. The differences between the liquid and the y = 2 gas are due
to the local effects of compressibility, and are further illustrated by the differences
in the development of the line impulse with %/t as shown in figures 3 and 4 and
discussed in §7.3.

Appendix
The values of (¢f); and ; ; are tabulated below.
8o
e A ™
(@f);. 4008 exp (a0) j= -3 -2 -1 o0 1 2 3
i=1 (—2+308,) (c—2) i=1 1 -2 1 o0 0 0 0
2 21—-2(c—1)—}08,,] (0—2)2 2 1 -3 +3 -1 0 0 0
3 —4[1-20-1)—105,,] (6 —2) 3 0 1 -2 1 0 0 0
4 [1-20—1)—10d,] 0% oc—2)8 4 0 1 -3 +3 =1 0 0
5  4(c—1) (c—2)? 5 1 —4 +6 —4 +1 0 0
6 —16(c—1)(c—2) 6 0 1 -3 +3 —1 0 0
7 18(c—1) 7 0 0 1 -2 1 0 0
8  40o—1)(c—2) 8 0 1 —4 4+6 —4 1 0
9 —80%(o—1)8 9 0 0 1 -3 +3 -1 0
10 lo¥o—1)62 0 0 0 1 —4 +6 —4 1
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